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COMMUTATION RELATIONSHIPS AND CURVATURE 
SPIN-TENSORS FOR EXTENDED SPINOR CONNECTIONS. 


R. A. Sharipov 


Abstract. Extended spinor connections associated with composite spin-tensorial 
bundles are considered. Commutation relationships for covariant and multivariate 
differentiations and corresponding curvature spin-tensors are derived. 


1. Introduction of a spinor bundle. 

This paper is a continuation of the paper [1], For this reason we keep all notations 
used in [1] and do not give any historical background referring the reader backward 
to the paper [1] and to the papers prior to it. 

Let M be the space-time manifold, i. e. this is a 4-dimensional orientable man¬ 
ifold equipped with a pseudo-Euclidean metric g of the Minkowski-type signature 
(-1-,—) and carrying a special smooth geometric structure which is called a 
polarization. Once some polarization is fixed, one can distinguish the Future light 
cone from the Past light cone at each point p € M (see [2] for more details). More¬ 
over, we assume that M admits the spinor structure. This means that there is a 
two-dimensional smooth complex vector bundle SM over M equipped with a skew- 
symmetric spin-tensorial field d. This spin-tensorial held d is called the spin-metric 
tensor, while SM is called the spinor bundle. 

The spinor bundle SM differs from a general two-dimensional complex vector 
bundle over M by its close relation to the tangent bundle TM. The spin-metric 
tensor d and the metric tensor g are two basic structures establishing this relation. 
Any local trivialization of a two-dimensional vector bundle is given by two smooth 
sections of this bundle i&i and '^2 which are C-linearly independent at each point 
p of some open set U C M. These two spinor helds and ’S'2 form a moving 
frame {U, iPi, \I'2)- A moving frame {U, iPi, 11/2) is called an orthonormal frame if 


dij = d(’S'z,’S'j) 


0 

-1 



( 1 . 1 ) 


i. e. if the spin metric tensor d is given by the skew-symmetric matrix (1.1) in 
this frame. Similarly, a moving frame (C/, Tq, Ti, T2, T3) of the tangent bundle 
TM is given by four smooth vector helds Tq, Ti, T2, T3 which are R-linearly 
independent at each point p of the open set U C M. This moving frame is called a 
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positively polarized right orthonormal frame if the following conditions are fulfilled: 

( 1 ) the value of the first vector filed Tq at each point p €U belongs to the interior 
of the Future light cone determined by the polarization of M ; 

( 2 ) it is a right frame in the sense of the orientation of M; 

(3) the metric tensor g is given by the standard Minkowski matrix in this frame: 


9ij — j) 


1 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

-1 


( 1 . 2 ) 


If we have two orthonormal moving frames {U, 'S'l, '^ 2 ) and ([/, 'S'l, ^ 2 ) of 
the spinor bundle SM with overlapping domains U HU 7 ^ 0, then at each point 
p G U nU we have the following transition formulas: 


2 2 




(1.3) 

1=1 

1=1 


The transition matrices 6 and T in (1.3) are 
( 1 . 1 ) for these matrices one easily derives 

inverse to each other: T = ©“^. 

From 

e(p) eSL( 2 ,C), 

T(p) e SL(2,C). 

(1.4) 


In a similar way, if we have two positively polarized right orthonormal frames 
([/, To, Ti, Y2, T3) and (t/, Tq, Ti, T2, T3) of the tangent bundle TM with 
overlapping domains U ClU 0, then we have 

3 3 

% = Y, = ^I|Y,. (1.5) 

j=o j=o 

The matrices S and T in the formulas (1.5) are inverse to each other: T = 5“^. 
From (1.2) and from the above conditions (l)-(3) for each point p € U DU we get 

S{p) e SO+(l,3,R), T{p) e SO+(l,3,R). 

Note that the special linear group SL(2,C) in (1.4) and the special orthochronous 
Lorentzian group SO~'’(l,3,R) are related by the canonical homomorphism 

SL(2,C) ^ SO+(l,3,R). (1.6) 

The canonical homomorphism p in (1.6) is a surjective mapping. Its kernel is a 
discrete group. It is composed by the following two matrices: 



1 

0 


-1 0 

CTq = 

0 

1 

, — cro — 

0 -1 
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Since Kertp is a discrete set composed by two matrices (1.7), topologically is a 
double sheeted not ramified covering of real analytic manifolds. It can be given by 
explicit formulas in terms of the matrix components. If 

S = ip{6), 


then for the components of the matrix S we have the following expressions: 


0 _ 6) 6} -b el el + eiel + el el 


CU _ 
Oq — 


,0 _ 6} 6^ + ©1 ©i + ©f ©^ + ©^ ef 




eie\-eiel + eiei-eiel 




2i 


,o_ ©l©i-©^©^ + ©^©f-©^©^ 


cu _ 

Og — 


( 1 . 8 ) 


ele\ + e\el + elel + elel 

^0 — I 


© 1 ©^+© 2©2 + 62©1 + © 1 © 

*1 - 


2 

1 ^2 


©l©j-©^©^ + ©l©l-©)©i 

2 2i 

^©} -b^©? -^©2 -^©i 


1 _ -r 

^3 — 


(1.9) 


— 

Dg — 


©) ef — ©j ©} -b ©2 el — ©I ©2 


2i 


eiel-eiel + eiel-eiel 


st = 


2i 


Si = 


el ©) + ©)©!- ef el-eie 


( 1 . 10 ) 


— 

Dg — 


©) el — el ©} -b ©I ©2 ~ el el 


2i 


^g ©}©}-b©^©^-©?©?-©!©! 

— -r- 1 


, 3 _ ©}©l+©l©}-©f© 2 - 62©2 


S{ = 


^3 ©l©l-©l©l+©^©i-©i©j 

2 2i 

^3 ^©1 +^©i-^©f-^©l 

3 o 


( 1 . 11 ) 


The first formula (1.8) was presented in [1]. The whole set of the above formulas 
(1.8), (1.9), (1.10), and (1.11) can be found in [3]. 
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Definition 1.1. Let SM be a two-dimensional complex vector bundle over the 
space-time manifold M equipped with a nonzero spin-metric d. It is called the 
spinor bundle if each orthonormal frame (C/, ^ 112 ) of SM is associated with 

some positively polarized right orthonormal frame {U, Tq, Ti, T2, T3) of the 
tangent bundle TM such that for any two orthonormal frames {U, ’®'i, ’®' 2 ) and 
([/, ' 5 '!, '^ 2 ) with overlapping domains U H U ^ 0 the associated tangent frames 
{U, To, Ti, T2, T3) and (ff, Tq, Ti, T2, T3) are related to each other by means 
of the formulas (1-5), where the transition matrices S and T are obtained from the 
transition matrices © and X in (1.3) by applying the group homomorphism (1.6), 
i.e. S = </?(©) and T = 

Let ([/, ^' 2 ) be an orthonormal frame of the spinor bundle SM and assume 

that the domain U is sufficiently small to be equipped with some local coordinates 
a;°, x^, x^, x^. Then t/ is a local chart and we have the holonomic frame in TM 
determined by the local coordinates of this chart: 


E 


d 


El 


d ^ d ^ d 

- E9 = - Eq =- 

dx ^’ ^ 5x2’ 3 9 ^ 3 ■ 


( 1 . 12 ) 


Passing from ([/, ’®'i, 'i' 2 ) to the associated frame (C/, Tq, Ti, T 2 , T 3 ), in general 
case we find that it doesn’t coincide with the coordinate frame {U, Eq, Ei, E 2 , E 3 ) 
since in general case ([/, Tq, Ti, T 2 , T 3 ) is a non-holonomic frame. Let’s consider 
the following expansion of the non-holonomic frame vectors: 


3 


j=o 


(1.13) 


In the case of a holonomic frame (1.12) all mutual commutators of the vector fields 
Eo, El, E 2 , E 3 are equal to zero. In the case of a non-holonomic frame it is not so: 

[T„T,]=^c,^.Tfc. (1.14) 

k^O 

From (1.13) and (1.14) one easily derives 


3 




dTf 

dx^ 




s=0 


ST™ 

dx^ 


A;=0 


(1.15) 


The coefficients can be calculated using either (1.14) or (1.15). They form a 
frame specific set of functions. 


2. Tensors and spin-tensors. 

Let M be the space-time and let p be a point of M. Then Tp{M) is a tangent 
space of M at the point p. Similarly, T*{M) is a cotangent space at the same point, 
it is dual to the space Tp{M). Both Tp{M) and T*{M) are real linear vector spaces. 
Following the recipe of [1], we introduce their complexifications: 


CTp{M)=C®Tp{M), 


CT;{M) =C®T*{M). 


( 2 . 1 ) 
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Complexified tensor spaces then are introduced as multiple tensor products of sev¬ 
eral copies of the spaces CTp(M) and CT*{M) introduced in (2.1): 


m times 

CT™(p, M) = ® CT;{M) ®...® CT;(M) . (2.2) 


n times 


The spinor bundle SM is a complex vector bundle over M from the very beginning. 
Let’s denote by Sp{M) its fiber over the point p £ M. Let Sp{M) be its dual space. 
Moreover, we consider the hermitian conjugate space S^{M) for Sp{M) and its dual 
space = Sp{M). Then we can define the following tensor products: 


Oi times 

S^ip, M) = 'Sp{M) ® .?. O Sp{M)®S;{M) ®...®S;{M), (2.3) 

'-V-' 

/3 times 

1 / times 

5;(p, M) = 's;*iM) ®.?. ® s;*{Mj ® s;iM) ®...® s^iM). ( 2 . 4 ) 

'-V-' 

7 times 

Combining (2.2), (2.3), and (2.4), we define one more tensor product 

M) = S^ip, M) ® s;ip, M) ® CT^ip, M). (2.5) 

Elements of the space (2.5) are called spin-tensors of the type (a,/3|z/, yjm, n) at 
the point p £ M. Elements of other three spaces (2.2), (2.3), and (2.4) are also 
called spin-tensors, though they are special cases of a general spin-tensorial object. 
The spin-tensorial space (2.5) admits the canonical semilinear isomorphism r: 

r: ^|5;r™(p, M) ^ M) (2.6) 

(see the definition of r and more details concerning it in [1]). The spin-tensorial 
spaces (2.5) with p running over M are glued into a bundle. It is called the spin- 
tensorial bundle of the type {a, P\v,'y\m,n) and is denoted by Then 

the isomorphisms (2.6) with the point p running over M are glued into a semilinear 
isomorphism of spin-tensorial bundles: 

A traditional spin-tensorial field of the type (a,/3|i^, yjm, n) by definition is a local 
or global smooth section of the spin-tensorial bundle S'^S'^T^M. Non-traditional 
(extended) spin-tensorial fields were introduced in [1] along with non-traditional 
(extended) connections. We shall give their definitions a little bit later. 

3. Coordinate representation of spin-tensorial fields. 

In order to represent a tensorial field in a coordinate form it is sufficient to have 
a local chart in M. In the case of spin-tensorial fields, in addition to a local chart, 
we need to have two frames: one in SM and the other in TM. 
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Definition 3 . 1 . Let U he & local chart of the space-time manifold M. We say that 
U is an equipped local chart if there is an orthonormal spinor frame (t/, ’S'l, ’®' 2 ) 
with the domain U and, hence, according to the definition 1.1, there is a posi¬ 
tively polarized right orthonormal tangent frame {U, Tq, Ti, T2, T3) canonically 
associated with the frame {U, ’®'i, 'S'2). 

Equipped local charts cover the whole space-time manifold, i. e. they form an 
atlas. Therefore, they describe completely the structure of the the space-time 
manifold M and its bundles SM and TM. 

Let U be an equipped local chart with the local coordinates x°, x^, x^, x^. As¬ 
sume that (U, ' 5 'i, 'S'2) and ( 17 , Tq, Ti, T2, T3) are two frames associated with 
U and thus being its equipment. Denote by ( 17 , the dual cospinor frame 

for ( 17 , 'S'l, 'S'2) and denote by ( 17 , 77°, rf) the dual covectorial frame for 

( 17 , To, Ti, T2, T3). Moreover, we denote 


'S'i = T(^i)> 


i9‘=r(i?*). (3.1) 


The barred spinor fields (3.1) form two frames (17, 'S'l, 'S'2) and (17, 1 ?^) dual 

to each other. Using all the above frames, we define the following helds: 


‘Y'/l'i ... kn 
hi...hrr 

, = f/ii ® ■ 

(g) (8>... (g) rj'"”, 

(3.2) 

■■■30 

= '®'q ®.. 

. g) 0 I?-’"' g)... 0 , 

(3.3) 

ii...iu 

= ® • • 

. 0 0 0 ... 0 I? A ^ 

(3.4) 


Then, using (3.2), (3.3), and (3.4), we introduce the following tensor product: 


jf3 ki... kn _ ^~^k-i...krt 

ii... ia ii---iu hi... hm ii...ick ^ hi...hm' 


(3.5) 


It is easy to see that the formula (3.5) defines a series of local spin-tensorial fields 
of the type {a, P\iy,"f\m,n) with the domain U. Assume that X is an arbitrary 
spin-tensorial field of the same type (a, f3\i>,j\m,n). For this spin-tensorial field 
within the domain U we can write the following expansion: 


222233 

X = y...y y...y y...y 

Z^ Z-^ Z-^ Jl---J/3 Jl---J 7 « 1 --- 

ii,...,ic3L ii,....,ii, /ii, ... ,/im 

ii,....u fci.....fcn 


3/3 h---3y 

ii... ict ii... iu hi... hjri' 


(3.6) 


The coefficients 7 " ' in the expansion (3.6) are functions of the local 

3l---3/33l---3-yki...k„ ^ '' ' 

coordinates x^, x^, x^ of a point p €U\ 


^ii... io, ii-.. iy hi... hm _ j^ii... ia ii... iy hi... hm ^2 ^3 

jl...jf3jl...j~/ki...kn ~ jl...j0jl...jyki...kn^ ’ ’ ’ 


(3.7) 


These functions (3.7) are called the components of a spin-tensorial field X in an 
equipped local chart 17, while the expansion (3.6) itself is the coordinate represen¬ 
tation of the field X. 
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4. Composite spin-tensorial bundles and extended 

SPIN-TENSORIAL FIELDS. 

Let S[l], , S[J] be some spin-tensorial fields of various types, e. g. we can 

denote by {ap, (3p\vp,"fp\mp,np) the type of the P-th field S[P] in the series 
S[l], ... , S[J]. In some cases one need to treat S[l], ... , S[J] not as actual helds, 
but as independent variables. For example, if we consider a physical held theory 
with the helds S[l], ... , S[J], then the Lagrange function 

/: = /:(p,s[i],... ,s[j]) (4.1) 

of this held theory is a function of several spin-tensorial arguments S [1] , ... , S [ J] 
and of one point argument p G M. Composite spin-tensorial bundles were intro¬ 
duced in [1] for to formalize the argument set of the function (4.1). In the present 
case the composite tensor bundle N is dehned as the following direct sum: 

N = © ... 0 (4.2) 

By dehnition a point q of the composite spin-tensorial bundle (4.2) is a list 


g = (p, S[l], ... , S[J]), (4.3) 

where p is a point of the space-time M, while S[l], ... , S[J] are spin-tensors of the 
types (ai,/ 3 i|pi, 7 i|TOi,ni), ... , {aj,(ij\vj,"fj\mj,nj) at the point p. 

Definition 4 . 1 . Let be a composite spin-tensorial bundle over the space-time 
manifold M in the sense of the formula (4.2). An extended spin-tensorial held X 
of the type {e,r/\aX\s, f) is a spin-tensor-valued function in N such that it takes 
each point q G N to some spin-tensor X(g) G S^S^Tj{p, M), where p = 7 r(g) is the 
projection of the point q. 

Let U be an equipped local chart of the space-time manifold M (see the dehni¬ 
tion 3.1 above). Then a point p G U is given by its coordinates 

x^, x^, (4.4) 


while spin-tensors S[l], ... , S[J] at the point p are given by their components 
referred to the frames {U, ’i'l, ^ 2 ) and ([/, Tq, Ti, T 2 , T 3 ): 


cl... 11 ... 

‘^1... 11... 


10...0 
10...0 


[ 1 ], 


2 ... 22 .. 


23.. .3 

23.. . 3 


[ 1 ],... 


ol ... 1 1 ... 
• ■ ■ f *^1 ... 1 1 ... 


1 0 ... 0 r T] q2 ... 22... 

10...01*^]’ • • • f ^2...22... 


23.. . 3 

23.. .3 


[j]. 


(4.5) 


The quantities (4.4) and (4.5) form a complete set of variables that can be used as 
local coordinates for a point q in (4.3). For an extended spin-tensorial held X of 
the type (e, r]\a, C,\e, f) one can write the expansion 


X 


222233 

_ \ ' \ ' \ ' \ ' \ ' \ ^ hi... he 

2-^ '2-^ 2-^ '2-^ ji... j,, ji... ki... kj 

Ui-.-Ae ii, ... , ifj kihe 
ku...,kf 


ki...kf 
ii... ie i\ ... i(j h\... he 


(4.6) 
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similar to (3.6). However, unlike to (3.7), the coefficients 'ti --in the 
expansion (4.6) are functions of the whole set of variables (4.4) and (4.5). Thns, 
taking an equipped local chart U of M, we get a coordinate representation for 
points of the composite spin-tensorial bundle (4.2) and for extended spin-tensorial 
fields associated with it. 

Under a change of equipped local charts the coordinates (4.4) are transformed 
traditionally by means of the transition functions 


= x^{x°, ... , a;^). 


x^ = ... ,i^). 


-3 =f"(x°, ... ,a;3). 


,3 _ ^n ^~0 


% 


while the coordinates (4.5) are transformed as the components of spin-tensors 


2 2 2 3 


gii... iaii... iyhi... h 


‘At[PI = E-EE-EE Ea; ... A; 


oi,...,aQ ai,...,a^ 


X . . &Z %]■■■ ■ ■ • 6-"^ X 

3l J0 “1 Jl J-y ^rn 

w Q dji Q a\... act CLi ■ ■ ■ di, c\ ... Cm\Ty\ 

^ ^ b^...h 0 h^...h^dy...dr^ ’ 


2 2 2 3 


ZaZi... iyhx... hr, 


[p] = E..EE...EE E®j...®^; 


ai,...,aQ, 

bi,...,bp bi,...,b-f di,...,d. 


X &i\... &z ... t;; ... 5 ,"- X 


_ rpd\ rpdn Q a\... CLi ■ ■ ■ o-u c\... Cm \-n'\ 
^ •■•^krr ^bi...b0bi...b^di...dr,, ’ 


(4.7) 


(4.8) 


where a = ap, [3 = (3p, v = vp^ 7 = yp, to = mp, n = np, and the integer number 
P runs from 1 to J. The components of transition matrices ©, T, S' = and 

T = </ 5 (‘J) in (4.7) and (4.8) are taken from the frame relationships (1.3) and (1.5). 


5. Extended spinor connections. 

Extended spinor connections were introduced in [1] in order to describe the 
structure of differentiations of extended spin-tensorial fields. In order to define 
them here we consider a pair of equipped local charts U and U with non-empty 
intersection. Then we introduce the following 0-parameters defined within U DU: 


3 3 


as? 


= E = E E = - E 


a—0 

2 


a=0 z;=0 
2 3 


dx'" 

56“ 


(5.1) 


a—0 

2 


=E “s:' it. (®;)=E E ^=- E ®;. 


a—1 v—0 


a—1 


(5.2) 
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The 0-parameters without tilde are introduced in a similar way: 


3 3 




ofj = E = E E V fdr = - E ivsi) u, 


a=0 

2 


a=0 D=0 
2 3 


dx'" 


a=0 

2 


= E = EE®'t^^^ = -E 


a=l 


(5.3) 

(5.4) 


Note that and L^. in (5.1), (5.2), (5.3), and (5.4) are Lie derivatives applied 
to scalar functions T^, T^, S^, and 6^ respectively. When applied to an arbitrary 
scalar function f in U DU, the Lie derivative Lfi acts as follows: 


^..(/)^Eui. 

j=0 


(5.5) 


The coefficients in (5.5) coincide with those in the expansion (1.13). 

Definition 5 . 1 . Let N be the composite spin-tensorial bundle (4.2) over the space- 
time manifold M. An extended spinor connection is a geometric object such that 
in each equipped local chart U of M it is represented by its components A^j, A^j, 
and such that its components are smooth functions of the variables (4.4) and 
(4.5) transforming according to the formulas 

2 2 3 

EEE®'^'^" (5.6) 

b—l a—1 c—0 

2 2 3 

EEE^^^"^b+^’ (5.7) 

a—1 c—0 

3 3 3 

r^ = EEE'^a^'^"r“, + 0^^ (5.8) 

b=0 a=0 c=0 



under a change of a local chart. The 0-parameters in the transformation formulas 
(5.6), (5.7), and (5.8) are taken from (5.3) and (5.4). 

Extended spinor connections naturally arise when we describe the set of differ¬ 
entiations of extended tensor fields. According to the structural theorem proved in 

[1] each differentiation D is a sum of the three special types of differentiations: 

(1) a spatial covariant differentiation; 

(2) several native vertical multivariate differentiations; 

(3) a degenerate differentiation. 

Native vertical multivariate differentiations are most simple in the above 
list in that sense that they are given by the shortest formulas of all three. Let 
S[P] be a spin-tensor from the list (4.3) and let (ap, l3p\i'p,jp\mp,np) be its 
type. Assume that Y is some arbitrary extended spin-tensorial field of this type 
(ap, (3p\vp, ')p\mp, np). Then for Y the native vertical multivariate differentiation 
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Vy[-P] along this spin-tensorial field is defined (see [1]). In an equipped local chart 
U it is represented by the native multivariate derivative 

■■■ 1/311 ■■■ ■■■ 


dS^.^- 

31-- 


.la.ll. 

3f3jl- 


. iuhi 
■17^1 


[P] 


(5.9) 


where a = ap, /3 = /3p, v = pp, 7 = jp, m = mp, n = np. Similarly, if Y 
is some extended spin-tensorial field of the type (up, ypjap,/3p|mp, np), then the 
barred native vertical multivariate differentiation along Y is defined (see 

[1] again). In an equipped local chart U this differentiation is represented by the 
corresponding barred native multivariate derivative 


^ll ■ ■ ■ I 7 ll ■ ■ ■ 1/3 ■ ■ ■ fcn r^l 


dS^.^- 

31-- 


.la'il' 
3(3 31 • 


. iu h\ 

■ 17 fei 


. ferr 


[P] 


(5.10) 


Here again a = ap, (3 = j3p, v = vp, 7 = 7p, m = mp, n = np. The derivatives 
(5.9) and (5.10) are called native because they are represented by partial derivatives 
with respect to the variables (4.5) native for the composite bundle (4.2). Note that 
they do not require and do not provide any geometric structures other than those 
already exist due to the bundle (4.2). 

Degenerate differentiations are given by a little bit more complicated formu¬ 
las. Their structure is described by the following theorem proved in [1]. 

Theorem 5.1. Defining a degenerate differentiation D of extended spin-tensorial 
fields is equivalent to fixing three extended spin-tensorial fields &, &, and S of the 
types (1,1|0, 0|0, 0), (0, 0|1,1|0, 0), and (0,0|0,0|1,1) respectively. 

Let I? be a degenerate differentiation and let X be an arbitrary smooth spin- 
tensorial field of the type (e, r]\a, C,\e, /). In an equipped local chart U the compo¬ 
nents of the field D(X) are given by the formula 


e 2 


V^ ... Cg 

. brjbi ...b(^di...df 


. Qe Qx ■.. (la Cx ... Cg 

ju,, ... b,,bi... b(di... dj 


^ ga,, 

bx--- br^bx-.. b(^dx... df / ^ ^ oi. 

(l — \ v^ — 1 

-EE sr; K: 

fl — 1 W^ — 1 

a 2 

I \ \ Qafj. ■■■ '^fj, Cl... Cg 

/ ^ bx...bnbx . b(^dx...df 

(1 — 1 v^ — 1 

C 2 _ 

E \ ^ 0^1^ j^ai...aeai.acrCi...Ce 

b^ bx...brjbx... ... b(^dx... df 

(1 — 1 Wf^ — 1 

e 3 

I \ \ Q-eOl... flo-Cl-.. Vfj. ... Cg 

/ /. ^ bx... bnbx...b^dx . df 

p=l II,J=0 

/ 3 

E \ ' aj,ai... a„ci.. 

/ . b,j, b\ ... bj,b\ ... b^d\.. . 
fi=l w,t=0 


...af 


(5.11) 
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Note that the formula (5.11) has no derivatives at all. For this reason the differen¬ 
tiation D given by this formula is a degenerate differentiation. Note also that 

©S((, S™", (S')))), and 5^'“ in (5.11) are the components of the extended spin- 
tensorial fields declared in the theorem 5.1. Do not mix them with the components 
of transition matrices © and S taken from (1.3) and (1.5). 

Spatial covariant differentiations are most complicated of the above three 
types of differentiations. In an equipped local chart U they are represented by the 
corresponding spatial covariant derivatives: 


3 aeOi... a„ci... Ce 

^ ^ ai... a^ai... Cl... Ce _ \ ' bi... bjjbi... b^^di... df _ 

bi... bjjbi...b^di... df / ^ 3 3x^ 

J 2233/q2 

I 2^ ^3^^ Ji. 3kl3l-3-yki...k„ H J 

P=1 *i,....jc» = l 

3j-,---,it3 ki,...,k„ 
ii ^ , iu 

Ji, ■■■ 

/3 2 1/2 

A"'" .*c *i...D/ti.../tm rp] I A**" X 

fl — l — l fl — 1 Vfj^ — 1 

^ ^H... i. y fw, ^ 

31---3031 . j~fki...kn 33^^ 

fl — 1 w^ — 1 

m 3 

X fi.[p] + y y" X 

3i---30 3i---... J~y ki... kn'- ^ J 

0.—1 v^—0 

n 3 

J1...J/3 JI...J 7 fcl.fen 1 1 21^ J fe(i 

11 = 1 W^=0 

Oieai-- - Q-crCi... Ce 
bi---b7,bi.^.b(di...df _ 

^^* 1 ... ia il... A fel... fem rpl 

Jl...ll 3 ll...i 7 fel...fen 1 1 

,/ 2 23 3/1/ 2 - 

I A*!* o*l...*c il...*'n ...Zfel... fem rpi _ 

Z^ Z^ " Z^ Z^ ' Z^ I Z^ Z^ iHi* 31-3/131 .l 7 fei...fe-n ^ J 

P=1 hi,...,hm \tl=lH/L = l 

31, ■■■,3/1 fel,....fen 

2i, ... ,ip 

Jl, ■■■, J 7 

7 2 _ a 2 

E \^ cil..._*a *1.Z fel... fern rp] I A*)/ y 

Z^ Jl...jl3il...*lln...l7fel...fenl 1 Z^ Z^ i"// 

fl—lw^ — 1 ft — lv^ — 1 

2 

3i . 303i---3~r^i---^n -* 2-^ 2 I-/ 

fi—l w^ — 1 

_ m 3 

X 5p.**■■■ '7 [p]+y y rjo X 

31 ... ... Jl3 Jl... ki... kn'- J Z—/ Z—/ 3^fd. 

0,-1 v^j,—0 


(5.12) 
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_ _ n 3 

. krt J A^ 3 

^—1 Wf^—0 

) Q ... d^d-y ... dfjC\ ... Cg 

foe'll--- | 

fiQ ii-.. ia i\...ii, hi... hm r pi 

^^3i-3f33i-3^ki...kr. 

e 2 

I \ ^ \ A dg-di ... dfjCi ... Cg 

^bi . brjh---b^di...df ~ 

fl—1 v^ — 1 

r] 2 

E \ ^ . dedi... daCi... Ce , 

3^n bi... ...br,bi...b^di... df 

fi—l w^ — 1 

a 2 

I \ ^ \ ^ A fleCii... ... dc^Ci ... Cg 

^fci...6^5i.~ 

^=1 Vij, = l 

C 2 _ 

E \ ' j^ai...aeai . a<,ci...Ce , 

j bi...bribi...Wij, ...b(di...df 

fl — 1 Wfj, — 1 

e 3 

I \ '' \ ^ y^l ••• flcrCi... v ^ ... Cg 

/ ^ ^ 3'^!^ bi...brfbi...b^di . df 

M=1 i’^=0 

/ 3 

E \ ' p™(i j^ai... Oeai... a^ci.Ce 

i 6(1 bi... bnbi... b(di... Wi^ ... df ' 

fi=l iu,i=0 


The quantities in the first term of (5.12) are taken from the expansion (1.13). 
The quantities A^j, T^^ in (5.12) are the components of an extended spinor 
connection introduced in the definition 5.1. 

Theorem 5.2. Defining a spatial covariant differentiation V of extended spin- 
tensorial fields is equivalent to defining some extended spinor connection. 

The theorem 5.2 is immediate from the formula (5.12). It was first proved in [1]. 


6. Commutation relationships and curvature spin-tensors. 

According to the theorem 5.1 any degenerate differentiation is given by three 
spin-tensorial fields ©, ©, and S. Let’s denote it as 

D = D{&,&,S). (6.1) 

Assume that we have two degenerate differentiations of the form (6.1): 


Di=D{&u&i,Si), D2=D{&2,&2,S2). ( 6 . 2 ) 

The commutator of any two differentiations is a differentiation (see section 12 in 
[1]). In the present case the commutator of the degenerate differentiations Di and 
D 2 in (6.2) is a degenerate differentiation: 


[i?(ei,©i,Si), Z 1 (© 2 ,© 2 ,S 2 )] =Z1(©3,©3,S3). 


(6.3) 
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For the extended spin-tensorial fields ©3, ©3, and S3 in ( 6 . 3 ) one easily derives: 

©3 = C{&1 0 &2 — &2 <E) ©1), 

©3 = (^(©i 0 &2 — &2 0 © 1 ), 

S3 = (7(81 ® S2 - S2 ® Si). 

These formulas mean that the operator-valued fields ©3, ©3, and S3 are calculated 
as pointwise commutators of the corresponding fields ©1, ©1, Si and ©2, ©2, S2. 

Let VxlF*] be the P-th native multivariate differentiation along an extended 
spin-tensorial field X. Then we have the equality 

[Vx[F],n(&,&,s)] = n(m,^,R), (6.4) 

where 

9i=Vx[R]&, 0l = Vx[R]&, R = Vx[R]S. (6.5) 

Similarly, for the P-th barred native multivariate differentiation Vx [L*] along some 
extended spin-tensorial field X we have the equality 

[Vx[P],n(&,&,s)] = n(m,fH,R), (6.6) 

where 

m = Vx[R]&, ^ = Vx[R]&, R = Vx[R]S. (6.7) 

The formulas ( 6 . 4 ), ( 6 . 5 ), (6.6), and ( 6 . 7 ) are proved by direct calculations using 
some equipped local chart U. 

For mutual commutators of barred and non-barred native multivariate differen¬ 
tiations one can easily derive the following formulas: 


where 

[Vx[L^], Vy[Q]]=Vv[Q]-Vu[P], 

V = Vx[P]Y and U = Vy[Q]X; 

(6.8) 


[Vx[P], Yy[Q]] = Vv[Q]-Yu[P], 

( 6 . 9 ) 

where 

Y = Vx[P]y and U = Vy[Q]X; 



[Vx[P], Vy[Q]]=Vv[Q]-Vu[P], 

(6.10) 

where 

Y = Vx[P]y and U = Vy[Q]X. 



These formulas (6.8), ( 6 . 9 ), and ( 6 . 10 ) are also proved by direct calculations using 
some equipped local chart U oi M. 

Now assume that we have some extended spinor connection associated with the 
composite spin-tensorial bundle ( 4 . 2 ). Then the spatial covariant differentiation V 
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is defined and we can write various commutation relationships with it: 
[Vx, D{&,&,S)]=D{^R,^,-R), 
where IH = Vx©, = Vx©, R- = VxS. 


( 6 . 11 ) 


The formulas for commutators of Vx with barred and non-barred multivariate 
differentiations are more complicated than (6.11). In the case of we have 

J 

[Vx, Vy[P]] = Vu[P] + Vu[q][Q] + 

Q-1 
J 

+ E ^u[Q][Q] - Vv + i?(^+,^+,N+), 

Q=1 


( 6 . 12 ) 


where U = VxY and V = VyI^^JX. As for the fields U[Q] and U[Q] in (6.12), 
they are defined by the following formulas: 


U[Q] = -D{m\^+,N+)S[Q], 
iJ[Q] = -D{^\m\N+)T{S[Q]). 


(6.13) 


Three spin-tensorial fields N+ determining the degenerate differentia¬ 
tion £>(01+, N+) in (6.12) and (6.13) are introduced through three dynamic 

curvature spin-tensors 30+[P], S+[P], and D+[P] respectively: 


01+ =30+[P](X,Y) =C'(50+[P] ®X®Y), 
^+ =2)+[P](X,Y) =C'(2)+[P] ®X(g)Y), 
N+ = D+[P](X, Y) = C'(D+[P] (g) X (g) Y). 


(6.14) 


The dynamic curvature spin-tensors 30+[P], :S+[P], and D+[P] in (6.14) are deter¬ 
mined by the extended spinor connection through which the covariant differentia¬ 
tion V is defined. For the components of 30+[P], :X)+[P], and D+[P] we get 


30 


+ ^ jl ••• j^jl • • • ••• ^‘n 

ij ii... iaii--- iuhi... hm 


[P] = - 


dK 


i j ii... h 


D 


^[P] = - 

i j i\... iccii---ivhi... hm ^ ^ 


dS^.^- 

3i-- 

.. iail--- iuhi... hr, 

1P]’ 


dK), 


dS^^- 

ji-- 

.. iail--- iuhi... h-n 

-3f33l---3y^l--- 

1P]’ 


3 ^ 





(6.15) 


In the case of the barred P-th native multivariate differentiation along an ex¬ 
tended spin-tensorial field Y the formula (6.12) is rewritten as follows: 

J 

[Vx, Vy[P)] = Vu[P] + E '^u[Q][Q] + 

Q=1 


■ E ^U[Q] [ 

Q=1 


- Vv + P(01-,01-,N- 


(6.16) 
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Here U = VxY and V = Vy[-P]X. As for the fields U[Q] and U[Q] in (6.16), 
they are defined by the following formulas: 


iJ[Q]=-D{m-,m-,N-)riS[Q]). 


(6.17) 


Three spin-tensorial fields determining the degenerate differentiation 

Zl(5d~, N“) in (6.16) and (6.17) are introduced through other three dynamic 

curvature spin-tensors and D“[P]: 

51- =2)-[P](X,Y) = C(2)-[P]®X(g)Y), 

=2)-[P](X,Y) = C(S-[P]®X(g)Y), (6.18) 

N- =D-[P](X,Y) = C(D-[P]®X(g)Y). 


Like 3D+[P], £)+[P], and D+[P] in (6.14), the dynamic curvature spin-tensors 
ID-[P], ID-[P], and D- [P] in (6.18) are determined by the extended spinor connec¬ 
tion through which the covariant differentiation V is defined. For the components 
of these spin-tensors we get the following expressions: 


kl...kn 

ij ii... iu ii... ia hi... hm 


ij ii... iu ii... ia hi... hm 


jj - k ji... j^ji..^jf3 ki...kn 

ij ii... i^ ii... ia hi... hm 


[P] 

[P] 

[P] 


dA 


3 ^ 


J1---30 Ji- 


. iu hi... hr, 

.j^ ki... kn 


dA^i 


[P] 


ii... iu hi... hj, 

ji---jf) ii-.-P ki... k„ 


[P] 


9r 


3 ^ 


3i---3f3 31- 


. iu hi... hr, 
■3~i 


[P] 


(6.19) 


Using (6.15) and (6.19), we can write explicit expressions for the components of the 
spin-tensorial fields 51+, ^+, N+, 51-, ^-, and N-: 




5l->' 


3 2 3 


EE-E® 


+ k ji... j/iji... j^iki... 
ij ii... iaii... iuhi... h 


kn 


u,- 

.., icx 

31,- 

■■,3/3 

ii, . 

.. ,iu 

31,- 

■■ , 3~i 

hi, ., 

.. , hm 

ki, . 

■ ■ , kn 


rp-\ j^j Yii...ic^ii...ij^hi 

*- -* il--- 


3 2 

EE 

j = l ll, ... , la 
h, ■■■ ,3/3 

ii, ... ,ii, 


E® 


■ k ji... j.y ji... jff ki... kn Tp-\ ... ii... Zq,/ ll. 

ljil...iuil...iahi...hm ^ jl--- j-y jl--- j/S hi.. 


Jl, ••• , 

/ll, ... , hm 

fc 1, ... , kn 


These two formulas are coordinate representations for the first two formulas in 
(6.14) and (6.18). Coordinate representations for other formulas in (6.14) and 
(6.18) are easily written by analogy. 
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Again assume that we have some extended spinor connection associated with the 
composite spin-tensorial bundle (4.2) and suppose that V is the spatial covariant 
differentiation defined with the use this extended connection. Then 

.7 J 

[Vx, Vy] = Vu + ^ Vu[Q] [Q] + ^ Vu[Q] [Q] + D{m, m, N), (6.20) 

Q=1 Q=1 

where U = VxY - VyX - T(X, Y) and 

T(X,Y) = ^(TOX® Y). (6.21) 


The extended spin-tensorial field T of the type (0, 0|0,0|1,2) in (6.21) is known as 
the torsion field. The components of the torsion are given by the formula 

( 6 . 22 ) 

where cjfj are taken from (1.14) or from (1.15). The extended spin tensorial fields 
U[(5] and U[Q] in (6.20) are obtained by applying 11(01, N) to the native fields: 


U[Q] = -71(01, ^t,N)S[Q], 
U[g] =-71(01, ^,n)t(s[q]). 


(6.23) 


The degenerate differentiation 71(01, ^,N) in (6.20) and (6.23) is determined by 
three spin-tensorial fields 01, 01, N which are expressed through three non-dynamic 
curvature spin-tensors 01, IH, and R respectively: 


01 = 01(X, Y) = 67(01 ® X ® Y), 

^ = «H(X,Y) = 67(01® X®Y), (6.24) 

N = R(X, Y) = 67(R ® X ® Y). 


The components of the spin-curvature tensor 01 in (6.24) are given by the formula 


3 O AP 3 Q A? 2 

roP -Sr^yk jq ( \p _ AP I - 


k—0 k—0 

J 2 23 3/a 2 


/i=l 


-xi;-i;!; i; xx®.. 

ki,...,k„ 

ii, , iu 
Jl,-- - ,Jy 


ii... ... ia ii... iu hi... hn 

31 . 3fl h---]-, ki...k.^ 


|P1- 


-E t 

fl — 1 w^ — 1 


V 2 


(6.25) 


il . ia il... iv hi... hr, 


1 ... V rpi , A*" 

3l...W,r ...313 31-■-31 kl...krrl > ** 


fl—1 11^=1 


ia il... ... iu hi... hrj 

31 . 3'y hi... kn 


7 2 


if-i-E E A 


fj,=l Wrt = l 


A X 
*7^ 
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m 3 

X . [p] + y y r'*- x 

Jl---Jl3 ... Jy ki... kn'- -* jL^ jL^ 

^—1 v^—0 

n 3 

J1---J/3 JI-.-Jt fcl.fcn 

11=1 U)^=0 

— . h \ dy„ 

^ gll...lall...ly hi . hm rp1 j _ Ul _ 

jl---jp jl---p ki... Wfj^ ... kn^ ij ggii... lap... iiy hi... hmtpl 

/ h-’-P ki... fc„ ^ J 

,/ 2 23 -i ( V 1 ,- 

I A*'' ail...tail... Vf^ ...ivhi...h„, 

2-^ 2-^ ' 2-^ 2-^ ' 2-^ 1 2-^ 2-^ oi---jpoi . 

P=1 zi,...,ic^ hi, ... ,hm. \/i—1 —1 

ji,---,ip ki,...,kn 

il. ■■■ T ill 
ii, ■■■ ih 

7 2 _ a 2 _ 

_ \ ' \ ' A™/* rt_*i...icii.?ii... ?im r p] , \ ' \ ' IV 

iJn ‘^n...jpji...Wi,...j-,ki...kJ^\^A^ Z^ 

/^—1 u>^ —1 M—1 —1 

^- 0 2 

Jl. Jf3 Jl-'-J-y ki...kn L J IJp 

^—1W^—l 

_ m 3 

xsi^ .y pV X 

Jl... ... J/3 Jl... fci.../Cn I- •• 

/i=l ^^=0 

_ _ n 3 

^ ^ii... iot i\... iu h\... Vp ... hm F^ul \ ^ \ ^ ^ 

h---3P h---jy ki .fc„ i J Z^ Z^ ’’-kfi 

M=1 “(1=0 

, , . —-7—\ aA?„ 

X .'»™rpi _ 

J'i.---3p3^---3^1 ki...w^ ...kn I ^ Q ii... in ii... iu hi... hm \ Tj] 

^3l---3p3l---3.tki...kn I- -I 

,7 2233/a2 

j Qii---'<’ii ■■■ia il...iti hi... h„ 

Z^ Z^ ’Z^Z^ 'Z^ I Z^ Z^ jl. jp 3l---3~i ki... kn 

P=1 ii,...,ic hi,...,hm \M=lt'(i = l 
3\,---,3P ki,...,kn 

il, ... I ill 

Jl. ••• , A 

0 2 _ _ V 2 

_ A™;* oil.*£. il---* 1 ^ Til---Tim rp] I AV 

Z^ Z^ ^ Z^ Z^ i'’i‘ 

P—1 W^ — 1 p—'i Vfj. — 1 

7 2 

.71---J/3J1.J-yKl-.-fcn -■ Z-^ JJp 

^—1W^—1 

m 3 

X . {p] + YY X 

fi—1 v^—0 

n 3 

qU ••• il •■ ■ iu hi... V^ ... hm r Pi \ ^ \ '' 

^ 7i...j,3ji...Afci. k„ y^\- 2^ Z^ 

p=l Wf^=0 


[^^]- 


[P]- 


X 
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X 


... ia n... A hi 




dA% 


ji-- 30 ji-- 3-y ■■■ 'Wfj- ■■■ ^ I ggii... iaii... iu hi... hr, 

’ 3i---30ji---3-/ ki...kn 

.7 2 23 3 / u 2 _ 


[^’i 


+EE-EE-E EEAa S) 


P=1 ii,...,ic hi,...,hm \/J=lt)^ = l 

fcl,...,fcn 

ii, ... ,iu 

Ji, ■■■ 

7 2 _ 


3\---303i . j^ki...kr. 


ct 2 


‘iPi- 


/j=i j«n=i 


ia il . iv hi... hm r1 \ ' \ ' ^V 

jl... j/3 jl... W/J. ... ki... kn^ J I'Pf. 

A1=1 «/. = ! 

P 2 


^ ^il... ... Iq il ... il,/ti.../tm rpi _ 

Jl. ji3 jl---j^ ki...kn ^ ‘ 2-^ 2-^ jJiJ. 

/i=l iu,i = l 


m 3 


X 5 


i[^] + EErJ 


]l...W^ ...ill jl...j~,ki...kny" J ' jL^ 

r=i 11,1=0 

_ n 3 


xS 


il-- - ioL il-- - if hi... Vri ... hr. 


jl---j03l---j-/ki .fcn ^ "jk^ 

0.—1 Wf ^—0 


li”! - E E r” 


X s;> 


... ia U... iu hi 


:{P] 




dS 


jl---jl3 jl---i~, kl... kr 


iP] 




fe =0 


For each P in the above formula (6.25) we implicitly assume that a = ap, 0 = 0p, 
V = z/p, 7 = 7 p, m = Top, n = np. The components of fH are calculated similarly: 


3 QAP 3 ^Ap 2 

«« = EFTd?-ET* •’ 


Q^k 3 Qr^k 

k—Q k—O h=l 


"SP {AP a '* - ap A^ 

/ X /t 9 il 9 


J2 23 3/a 2 

-EE EE-E EEAy s 


P=1 2i,...,Zq hi,...,hm — — l 

3\,---,j0 ki,...,kn 

il, ... , il, 

31, ••• 


2l... V fj, ... ia il... iu hi... hr, 

'p ^31 . 30 3i---3j kl... kn 


[P]- 


P 2 

EE 

0. — 1 w^ — l 


V 2 


_ A*"" ‘i®!.in il... A ill... ilm rp] I A/ 




ii---it3 il . i., ki...k„ 


7 2 


|rl - E E AX X 


/i = l W^ — 1 

m 3 


^3p 


X .Eiii.../i.„ rpi + y^ rj 

]i...JB3i...Wi,...j^ki...k„'- J 1 


^ ^ii...icii...i„ hi... Vfj. ...h„ 

31---P kl .fc„ 


r=iv^=0 

n 3 

[^]-E E r 

/1=1111,1=0 


p 

i fcu 


(6.26) 


X 
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X .V [PI ---- 

Jl---Jp ]!■■■ ... kn^- ‘I Qgli...lall...lv hi...hm!p^ 

' h---3~i ki... fc„ I- 1 

./ 2 23 3/1/2 __ 

qh-.-ich-.-ViJ. ■■■iuhl...hm,pT _ 

A^ 'Z^ 1 31-31331 . 3-yki...k„ U J 

P—1 ii,...,ia hi,...,hm \fJ- — lVp, — l 
jl, ■■■ ,jf3 ki, ... ,kn 
ii, ... ,ip 

ji, - - ,3^ 

7 2 _ a 2 _ 

_ oji...jc.il. iuhi...hm\p] aV w 

^—lWp^ — 1 ^—lVp, — l 

_ /3 2 

3i . 3i33i---3~/ki...kn L J jL^ jL^ tjp 

^ — 1 Wp, — 1 

_ m 3 

xs-"^ .+ y" y x 

fi—1 Vp^—0 

_ _ n 3 

^^li...l^ii...i.hi...v,...h.^.p._y y ^ni ^ 

3i---30 3i---3i ki . kn ^ ^ 

10^=0 

. . . —-7-\ dM^ 

X .'‘-[pl _ A 

3l---3031---3^ ki... w fj, ... kn I a q ii... R ■■■ A ■■ ■/im r pi 

^ "^3l---3f33l--3-ykl...kn 

,7 2233/a2 

I A*" ...ic n...C/ii.../tm rpi _ 

^ Z^ Z^ ’Z^ Z^ 'Z^ I Z^ Z^ J1. j(3jl...j.ykl...kn 

P—1 ii.....icc hi,...,hm \fi—lVf^ — l 
3l,---,3j3 ki,...,kn 
ii, ... , C 

Jl. ••• , p 

0 2 _ _ 13 2 

_'SA A™'* S'*! . *£, ii---Til--. Tim rp] I aV X 

Z^ Z^ Jilx Ii...«i^...i0ii...7fei...fc„u j ^ Z^ Z^ 

IJ,— lWfj_ — l fj, — lVfj_ — l 

1 2 

^ ...^1/11...Tim jpj_y y -pw, ^ 

31---3031 . 3-Yki...krt J jL^ jL^ jjp 

fl — 1 Wfj_ — 1 

m 3 

.[p] + y y X 

31---30 3i---'^i^ ■■■ 3 -y ki... krt^ J jL^ jL^ J 

/^=1 v^—0 

n 3 

y pill, ^ 

3l---3(3 3l---3-1 ki . kn J /—! Z—i 3 kn 

/i=l Wn=0 

— 1, . \ 

X .[pl -^---+ 

31 ... 3 p 31 ... 3 ., ki... Wn ... kn'- ‘ j Qg n... la n .. ■ p hi... hm ipl 

7 31---3/3 3l---3~i ki... kn ^ ' 

-J •2 23 3 / u 2 ^_ 

I * 1 , Q ii... ia ii... Vn ... in hi... hm r pi 

+ Z^ Z^ - Z^ Z^ - Z^ I Z^ Z^ "Mil’ll 3l-jf33l . j^kl-kn 

P—1 ii.....in. Til,..., Tim \/I —1 'll, —1 
3J-, ■■■ ,3/3 ki, ... ,kn 

ii, ...,ip 

31 , ■■■:3l 
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_ \ ' \ ' . hi... hm. rpl i \ ' \ ' aV 

2^ iifi jl... j/3 jl...W^ ... j~, ki... kn^ > 2-^ 2-^ 3' 


/X=l JU^ = 1 


^ ... V jj, ... ia: ii... it, h\... h.r 

jl . 30 ki... fc„ 


At=l Vi_i, = l 

0=1 Wf, = l 


^ ii. ia ii... it, hi... h 

Jl... Wf, ...ji3 jl... fei... * 




^=1 v^—0 


qIi... ioL ii-.. iv hi... ... h„ 

3l---303l---3^ ki .fen 


i^’i-SEr; 


fi—1 w^—0 


X .fern rpl 

3i---3I331---kl-.. ... fen ■- -* 


Zq ii... h\... hr, 

31---30 3l---3~, ki... fc„ 


-24 ki,. 


The components of the third curvature spin-tensor R are given by the formula 


3 RpP 3 QpP 2 

dP _ \ ^ 'Y'fc 3 9 _ \ ^ ^ Q _l_ \ ^ / pP p/z _ pP p/z \ 

Vi Z-^ ^ Qj.k 3 Q^k ^ jh^iqj 


^Qi3 ^ Q^k 3 Q^k ' Z 

k —0 fc=0 h- 

,7 2 23 3/a 2 

- E E - E E - E E E V 

p=l Zi,...,Zq; hi,...,hm — l 

Zl , , Zij 

7li ••• ,3y 


^ *1 ■■■ ■■■ hx-.-hr, 

il.i/3 il---i^ fcl--- fcn 


-ttk-us;;: 

fl—1 W^ — 1 


iii . ia h\... hm 

jl... U),, ... jp jl... j^ fci... fe„ 


[^] + EE a: 


P=1 = l 


^ii... z dt ii... "Un ■■■ Zu hi ... hit 
jl---j/3 jl.j^ fel-- - fe„ 


IpI-ESa” 


/i=l = l 


^ ^Zl...ZarZi. hi... hm 

30 3l--- lUn ---j7 fei--- fe' 


j^] + EEr-; 

fi—1 v^—0 


^ ^Zl... Zq, Zl ... Zt/ /zi... ... /Zm 

jl-- - i/3 jl--- jy ki . kn 


m-2 2 C, 


/i=l W /,=0 


^ Qii... ict il... it, hi . hr, 

Jl---j/3 jl---j7 fei-- - lUn --- fe 


j2 23 3/1/2 


-EE-EE-E EE V Vi 


^^Zi... Za Zi... Z^ /zi... /Zm rp)l 

jl---jl3jl---jy ki... kn ^ -I 


k oZi...Zq zi...'Up ...ifhi... hr, 


P — 1 ii,...,ia hi, ... ,hm 
il3 ••• ,i/3 fci, ... , kn 
il, --- , iu 

jl,-- - ,jy 


il---i/3il. jyki...kn 
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7 2 


a 2 


_ A™;* cii...ioii. it, hi... \ p] , aV 

ijp. ‘'^ji...ji3h...w^...j-,ki...kJ^i^A^ Z^ "D 

/x=l-u>^ = l ^=1 1,^ = 1 


^ ^ ii... Vft. ... ict il... iu hi... ht 

31 . 3l33l---j~i ki...k„ 


■[^’1 


fl — 1 — 1 

m 3 




^ ^ . ^a 

...30 


,;;.i,h::.V.M + ZZr.:,x 

fl—l 

_ n 3 


^ ■ ■■ - '^u ...hr, 

J*! • • • J'/S 3l-' • 3'y . 


- E E r: 


^ ^Zl ... Zq: ... ii/ . hm 

jl...jl3jl...3~, ki...Wit ... k„ 


[P] 


M=1 Wit=0 

dV^- 

3Q 


Q ^ ii... ict i\... ip h\... h 


J 2 23 3 / a 2 


3l---3/33l---3~tki...k 

ii... Vn, ... ioL hi... h 


EE EE-E E E A'... 

P=1 hi,...,hm = l 

kl,...,kn 

ii, ... , it, 

jl. ••• , E 

/3 2 _ _ 2 _ 

_ A^f* e*i.*£. il---A ?im rpl I aA 


[P] 

ki...k„ [P]- 


^ ^ ii... io, ii... V ft ...it, hi... h 
’^3l---3/3 Jl . 3^ ki... k„ 


7 2 


X S 


[p] - E E A 

fl — 1 — 1 

m 3 

[-P1 + E E fix =■ 

M=1 «^=0 

n 3 

il... A A... A ^l--- ■■■ hm |-pj _ p' 


X . 

Jl---J/3 Jl--- ^ 


X 

J J^t 


X S'*! 


3l---3i33l---3y ki. 


... ia A... A hi. 


3 kit 


.[P] 


/i=l Wft=0 

dT^ 

^ I q 


Jl-- - J/3 Jl-- - J-y fci--- ■■■ i Qi^ii... ia ii-.. iu hi... hp 

' Jl---J/3 Jl---J^ fcl--- fcn 

.7 2 23 3/Z/2 _ 


lU 


+ EE-EE E EES'v»: 

p=l Zi,...,Zq; hi,...,hm \fJ,— lVp, — l 

3\: ■■■ :3l3 ki, ... ,kn 

ill ... ., ip 

31, ■■■,3^ 

7 2 _ 

EE 

fl — 1 w^ — 1 


ii... ic3c zi-.. Vp, ... iphi... hp 

'm ^ji...j0ji .J7fci---fcn 


[P]- 


a 2 


_ \ ' \ ' A^f* ail...tail .A hi... hm rpl i \ ' \ ' A A 

Z^ Z^ Jl... ii... to^... A fci---fcn^ Z^ Z^ 


M=1 = l 


^ ^ii... Vft ... ia ii... it, hi... htt 

jl .J/3 jl... jy ki... krt 


/3 2 


[p-E E a; 


J Ja^ 


/Z=l Wp—1 
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_ m 3 

„ oil. ia ii... A hi... hm \p] I \ ' \ ' 

^ ‘-jv^ 

IJ.=1 f(i=0 


X 


xS" 


. la tl- 

■ i/3 ii- 


. iu hi 
■ j~, ki 


• hr, 

■ kn 


- E E r”t 

,1=1 W)j=0 


X 5: 


il... 2q 2i... 2^ hi . 


• hm 
.. kn 




dT^ 

I q 


dS^^- 

J1-- 


. la 'll' 

30 il • 


.. ip hi 
■ j-i ki 


[P] 


k=0 


Like in (6.25), in the above formulas (6.26) and (6.27) for each P we implicitly 
assume that a = ap, /3 = /3p, v = pp, 7 = 7p, m = mp, n = np. Moreover, like 
in (6.22) the quantities cj) in the last terms of (6.25), (6.26), and (6.27) are taken 
from (1.14) or from (1.15). 
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